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;h ' Abstract 

The basic ingredients of the 'consistent histories' approach to quantum theory are 
a space UP of 'history propositions' and a space V of 'decoherence functionals'. In 
this article we consider such history quantum theories in the case where UV is given 
by the set of projectors V(y) on some Hilbert space V. We define the notion of a 
'physical symmetry of a history quantum theory' (PSHQT) and specify such objects 
exhaustively with the aid of an analogue of Wigner's theorem. In order to prove 
this theorem we investigate the structure of P, define the notion of an 'elementary 
decoherence functional' and show that each decoherence functional can be expanded 
as a certain combination of these functionals. We call two history quantum theories 
that are related by a PSHQT 'physically equivalent' and show explicitly, in the case 
of history quantum mechanics, how this notion is compatible with one that has ap- 
peared previously. 
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1 Introduction 



In this paper we discuss the mathematical aspects of a notion of 'symmetry' in a history 
quantum theory, such as the decoherent histories approach to quantum theory initiated 
by Griffiths [|l|], Omnes and Gell-Mann and Hartle [Q]. Given the major importance 
symmetries play in almost every physical theory, one would like to know what the counter- 
part of this concept is in theories who place the emphasis on 'histories' and 'decoherence 
functionals' rather than propositions and states at a fixed time point (as is done in stan- 
dard quantum theory). This involves the problem of giving a meaning to the notion of 
two history theories being equivalent; when consistent sets can be called equivalent, etc.[§]. 

These matters are not settled yet, but I will show that, in case we adopt a particular 
notion of 'symmetry', it is possible to assign a well defined meaning to such concepts. 
In order to understand where these ideas fit into the structure of such history quantum 
theories, we have to rewrite the decoherent histories approach in a way that describes the 
ingredients of such a theory in a more transparent way. 

The clarification of the structural content of history quantum theories (HQT) is due to 
C.J. Isham who extracted the basic features of these theories in form of a set of axioms 
which determine the mathematical content of the framework of such theories. The aim is 
to place history quantum theories — as an entirely new approach to the problem of defin- 
ing and constructing quantum theories — on an equally firm mathematical base as other, 
already existing approaches to quantum theories. The explanation of why the axioms take 
the particular form chosen is a very deep one and is partly motivated by problems arising 
in the area of quantum gravity, in particular the so called 'problem of time'; it uses ideas of 
'quasi-temporal' logic and much more. These matters have been discussed at some length 
by Isham P, Isham and Linden ^ and Schreckenberg [0] and the reader is referred to 
those sources for a deeper appreciation of 'history quantum theories'. 

In this paper I will adopt a working, practical approach. I will mainly restrict my- 
self to the case of the history version of finite-dimensional quantum mechanics. This will 
prove to be an ideal model to illustrate the concept of 'symmetry' introduced in this article. 

Our discussion will be based on an investigation of how the mathematical structure 
of history quantum theories suggests a notion of 'physical symmetries of history quantum 
theories'. It is striking — and indeed very satisfying — that the concept developed here is 
compatible with a definition and a result presented by Gell-Mann and Hartle in [Q, even 
though this was not the original goal of the enterprise. I was only after completing the 
essential parts of the arguments here, that this relation was made explicit. This speaks 
on the one hand for the physical insight and arguments which led Gell-Mann and Hartle 
to the notion of 'physical equivalence', and, on the other hand, it shows the strength of 
the mathematical formalism developed by Isham in order to capture the main ideas of 
the decoherent histories program in a precise mannner. Because of this relation among 
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the results, the physical arguments presented in can, to some extent, be regarded as 
physical arguments in favour of the notion developed here and, vice versa, the arguments 
presented here as a precise mathematical statement about such objects, which possess a 
very transparent description. 

We will begin with an introduction to the formalism introduced in 0, recall the clas- 
sification theorem for decoherence functionals proven in |^ and remind the reader of the 
content of Wigner's theorem, which will be central to our investigation. In section ^ we 
reformulate the standard requirements for 'physical symmetries' given by Wigner in a way 
that is more suited to our problem in that it avoids some of the interpretative difficulties 
that arise when one is trying to induce a notion of symmetry in history quantum theories 
from symmetries defined at a single time point. We proceed by defining 'physical symme- 
tries of a history quantum theory' (PSHQT) and show that a paricular subset of PSHQT 
can be induced by unitary or anti-unitary operators U on V, which I call 'homogeneous 
symmetries'. We show that these symmetries possess a characterisation d la Wigner. We 
investigate the structure of the space T> in some detail to show in section |^ that, in fact, 
PSHQT are in one-to-one correspondence with homogeneous symmetries and can thus be 
characterized by an analogue of Wigner's theorem. We call two history quantum theories 
which are related by a physical symmetry of a history quantum theory physically equiv- 
alent. This expression first appeared in and we show explicitly, for history quantum 
mechanics, how the notion of 'physical equivalence' — as introduced in — is naturally in- 
duced by a subset of the set of PSHQT. In the closing section ^ we mention some ways one 
could try to proceed in order to find a satisfactory physical interpretation of the symmetries 
considered in this article. 

1.1 Decoherent Histories and History Quantum Theory 
1.1.1 The algebraic structure for HQT 

In the decoherent histories approach the two main ingredients are the so-called 'histories', 
namely sequences of Schrodinger picture projection operators a := (at^, at^, ■ ■ ■ , with 
ti < t2 < ■ ■ ■ < tn, defined on the single time Hilbert space H, and 'decoherence func- 
tional', namely a complex-valued functional d of pairs of histories. For normal quantum 
mechanics the latter is given by: 

d(H,p){a, ■■= tiniClptoCfs), (1.1) 

where the 'class' operator Ca is defined to be 

Ca := at^(ti)at2{t2) ■ ■ ■ at„{tn) (1.2) 

with {a^. (tj) := es:^^*'^*"^at,e^^^*-*'~*''''} being the associated Heisenberg picture operators. 
For the ease of exposition, all histories a will be defined on n arbitrary, but fixed, time- 
points. 
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This functional d{a, p) is an extension of the formula d{a, a) in standard quantum 
mechanics for the joint probability of finding all the properties a := (a^j , , . . . , at„) with 
ti < ^2 < ■ ■ ■ < in in a time-ordered sequence of measurements. The aim is to determine 
with the aid of certain 'consistency conditions' on d{a, (]) such histories, on which d{a, a) 
defines a probability distribution. 

The expression for the decoherence functional is rather messy: it is difficult to isolate 
the contribution of the histories a, /? to the evaluation. Whereas before they were defined 
as sequences of Schrodinger operators they enter now as a product of Heisenberg operators. 
Hence the evolution operator should belong intrinsically to the decoherence functional as 
does the density matric p. 

The separation that I have in mind of the contribution to d(^H,p){ct, of (i) the his- 
tories, and (ii) a part which encodes all the properties of the decoherence functional, is 
best illustrated by an analogous expression in standard quantum mechanics. Namely, the 
probability p{x G [a,b]) of finding that the eigenvalue x of an observable X lies in the 
interval [a, 6], a, b G IR, given the state p of the system, is evaluated as 

p{xe[a,b],p)=tTn{Pi,]P). (1.3) 

One can immediately refer to the density operator to describe the contribution of the 
state and to the projection operator Pj^^ — as the mathematical representation of the 
question asked — to describe the contribution of the corresponding observable to the value 
p{x G [a, b], p). This is, of course, due to Gleason's theorem which establishes a one-to-one 
correspondence between states and density operators. 

The appropriate rewriting of the expression for d(^H,p){oi, which is described in detail 
in 1^, relies on the mathematical identity 

tin{AiA2 ■■■Am)= ii^nA^i ® ■ ■ • ® AnS) (1.4) 

which allows us to express the trace of a product of m operators {A^} by means of the 
trace of a single operator Ai® ■ ■ ■ ® Am on the m-fold tensor product space Vm '■= ®'H'^ 
and a universal operator S. 

Forgetting for a moment the p in ([0| ), d(^H,p){.Oi, (3) is given by the product of 2n 
Heisenberg operators. Using formula ( |1.4| ) we deduce that histories enter the decoherence 
functional in the following way: 

a = at^{ti) (g) 0*2(^2) ® ■ ■ ■ (S) at„itn)- (1-5) 
Heisenberg operators are just Schrodinger operators multiplied on the left and right by the 



evolution operators U {ti, to) and its inverse. Expression (L4) shows that this depedence can 
be thrown onto the universal operator S, allowing us to represent histories by Schrodinger- 
picture operators 

a = at,®at^0---®at^ E P(V„) (1.6) 
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which contribute to the value for d(h,p){ct, l3) through 

d(H,p)io;, (3) = trv„^v„(a ® /9^(/f,p)), (1-7) 

for some operator X(^h,p) defined on V„ ® V„. The time-ordered strings of projection 
operators (ctj^, ajj, . . . , a^^) are now represented by a homogeneous projection operator 
ttti ® ttt2 ® ■ ■ ■ ® cii„ on the ri-fold tensor product space Vn = '^2=iHu and one can easily 
see that this association is one-to-one. This motivates the definition of a space UV of 'his- 
tory propositions' (also called 'univeral propositions' or 'propositions about the universe'), 
which is given by the set of a// projection operators a G V{Vn) on the n-fold tensor prod- 
uct space . By these means we have achieved the aim of separating the contribution of 
the histories to the value d(^H,p){ci, f^), in that the operator X(^H.p) encodes now all of the 
dynamical information and the initial conditions of the system under investigation. 



One can also convince oneself that the decoherence functional (L7) satisfies the follow- 
ing properties: 

o Hermiticity : d{a, f3) = d{(3, a)* Va, (3 G P(V„) (1.8) 

o Positivity : d{a, a) > Va G P(V„) 

o Additivity : d{a © /3, 7) = d{a, 7) + d{[3, 7) 

o Normalisation : d{l, 1) = 1. 

which are the usual requirements for decoherence functionals in the consistent histories 
approach when expressed in this formalism. The operation '©'is given by the addition of 
two orthogonal projectors, i.e. history propositions, in V{V„). 

This example seems to suggest that it might be worth trying to define a history quantum 
theory as a theory which has two main ingredients: A space of history propositions UV 
which, in this paper, will be the space of propositions V{V) onto a Hilbert space V; and a 
decoherence functional d E T>, where V denotes the space of all decoherence functionals, 
that is, all those functionals defined on 'P(V) x ViV) which possess the properties ( |1.8| ) 
mentioned above. Thus V does not necessarily have to be of the tensor-product form V„, 
and d E T> will in general not be of the form d(^H,p)- In this formalism, consistent sets of 
history propositions with respect to a d E V correspond to certain partitions of the unit 
operator on V into mutually orthogonal projectors {aj}™^*^™^ such that 

d{ai,aj) = 6ijd{ai,ai) Vz, j G {1, 2, . . . , m}. (1.9) 



The properties ( |1.8| ) of d E V ensure that the values d{ai, ctj) determine a probability 
distribution on the boolean algebra generated by the {aj}^^'^™^. 

1.1.2 The Classification Theorem 



We want to base our investigations of symmetries on the expression ( |1.7| ) of the decoher- 



ence functional. But in order to do so, we must first be sure that it is not only a lucky 
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coincidence that we are able to cast this particular decoherence functional for the history 
version of quantum mechanics in the above form. The formalism for decoherent histories is 
not simply restricted to models with unitary evolution, inclusions of final density matrices 
and the like. Therefore, in order to formulate a notion of symmetry that is valid for all 
these cases, we have to find out whether every decoherence functional — i.e. every functional 



satisfying the properties (|1.8|) listed above — can be written in the form (|1.7|) . The clear 
cut answer to this is given by the following theorem, see p|, which is valid for any theory 
in which the history propositions are given by projectors on a finite-dimensional Hilbert 
space V. 

Theorem [H If dimV > 2, decoherence functionals d are in one-to-one correspondence 
with operators X = Xi + iX2 on V ® V according to the rule: 

d{a, (3) = trv0v(tt ® PX) (1.10) 

with the restriction that 

a) X^ = MXM with M{\v)0\w)) -.= 110) 0\v), y\v),\w) eV. (1.11) 

b) trv^v(a ® aXi) > (1.12) 

c) trv^v(Xi) = l. (1.13) 



The restrictions on the operator X on V ® V reflect the requirements ( |1.8| ). We de- 
note by Xx> the set of all such operators X. This theorem — which has been extended to 
arbitrary von Neumann algebras without factor of type II in |Q — is the cornerstone of the 
forthcoming investigation. It allows us to shift the investigation of the properties of deco- 
herence functionals d & T>, where V denotes the space of all decoherence functionals, to 
an analysis of the properties of the associated operator X^ G X-^, which, as we emphasize 
once again, carries all of the 'dynamical' content as well as the 'initial conditions' of the 
model under investigation. 

It is important to understand the origin of these requirements. Condition ( |1 . 1 1\) reflects 
the hermiticity requirement. The action of M on a ® /3 is given by M{a ® l3)M = {jS^a). 
Equation ( 1 . 1 1|) follows then from the condition 



d{a, f3) = trv^v(a ® PX) = trv®v(/9 ® aX^) = d{(3, 



a] 



Condition (|1.12| ) stems from the fact that, since = MXM is equivalent to the pair of 
conditions 

Xi = MXiM (1.14) 
X2 = -MX2M, 

it follows that 

trv^v(a®a^2) = - tr^^via aMX2M) (1.15) 
= - tTv^v{M{a ® a)MX2) = - trv®v(a ® ^^2) 
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and so trv(g)v(tt ® 0^X2) = is implied already by the hermiticity requirement ( |1.11| ). 



It will be advantageous later to think of d{a, [3) as the value of the complex-valued 
functional 

tr : V{V) ® V{y) xXv — ^ C (1.16) 
1.2 Wigner's Theorem 

In order to understand fully the importance of Wigner's result it is crucial to distinguish 
between the notion of a symmetry and that of a physical symmetry. 

Definition On a complex Hilbert space Ti a symmetry is a unitary or anti-unitary operator 
U . Thus it leaves invariant the modulus of the inner product of any pair of two vectors 
\w) G 7i, that is 

\{v,w)\^ =\{Uv,Uw)\^, 'i\v),\w)en. (1.17) 

This definition is only a mathematical one; it has, a priori., no motivation by physical 
arguments. Note also that it does not impose any further defining properties on U, such 
as commutativity with the Hamiltonian operator. Such requirements only enter at a much 
later stage, motivated by analogues of the assumption in classical mechanics, that a par- 
ticular physical system evolves along the fiowlines of a specific, Hamiltonian, vectorfield. 

On the other hand, a physical system at a fixed moment of time is described in quantum 
mechanics by a state a e S : V{7i) — > IR, that is, a normalized (^(l) = 1), positive-valued 
functional which is additive on disjoint projectors. The states are, via Gleason's theorem, 
in one-to-one correspondence with density operators p on 7i according to the rule 

a(a,p) = tr7^(ap), Va G V{K), (1.18) 
where p is defined by the properties 

P = P^ P>0 tr«(p) = l. (1.19) 
The set of all density operators is often denoted by W5. 

The physical assumption is now that all that matters are the relations among the states, 
which can be entirely described by means of their overlaps, that is the transition ampli- 
tudes tr7^(pip2)- 

In the finite-dimensional case the self-adjointness of p implies that for every density 
operator there exists an orthonormal basis such that 

p = Y,riP\^^^ Y.r, = l r, >0. (1.20) 
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Density operators of the form P|^.) := G Wsp are called pure. Every density 

operator possesses an expansion in terms of pure density operators, also representing 'rays' 
of 7i; instead of Wsp we also use sometimes the notation 7^(7i). Therefore, the invariance 
requirement on the transition amplitude between two arbitrary states pi, p2 can be reduced 
to the requirement that 

tTn{P\<,i)P\<,2}) = trw(P|i,^P|i,^), (1.21) 

for arbitrary one-dimensional pure density operators P|,j,i), P|,j,2-) and an affine map ^ : 
Wsp -> Wsp, that is a map satisfying ^(Xi CiP\^^)) = Ei = Ei Q-^^i), Q G (D. 

Definition A physical symmetry is an affine bijection ^ : Wsp Wsp] ^ -^|*)' ^^"^^ 
that the transition amplitude between pure density operators remains invariant, i.e. that 

tTn{Pi^,)Pl^,)) = tiniP^^.^P^^,)), V|vl/i), |vl/2) e H. (1.22) 

Theorem [|l^] ( Wigner) Every symmetry induces a physical symmetry and, conversely, 
every one-to-one map ^ : Wsp —>■ Wsp preserving orthogonality between rays is a physical 
symmetry and can be implemented by a unitary or anti-unitary oprator U on Ti. 

2 Symmetry and History Quantum Theory 

The notion of symmetry discussed in the last section arose from discussing quantum me- 
chanics at a single, fixed time point t e IR with a corresponding Hilbert space Ti. At a 
single time point physics is described in terms of the pair (5, £), where S is the set of states 
and C is the lattice of projection operators on Ti. In order to define physical symmetries 
in quantum mechanics — in the sense specified by Wigner — only the knowledge of one part 
of this pair was required, namely the knowledge of the properties of the set of states S, via 
the map 

tr : Wsp x Wsp — ^ H (2.1) 

(-^*i>; -^*2>) ^ ti'7^(-f|*i>-f|*2))- 

The properties of the lattice of propositions C = V{T-C) did not enter in full. 

In order to arrive at a notion of symmetry for HQTs, recall that in a history quantum 
theory the pair {UV,V) can be seen as a formal analogue of the pair (£,5). Comparing 
the two expressions 

trw(piP2) and trv^v(« ® /3^d) (2.2) 

reveals immediately the mathematical difference between them. In contrast to the quantum 
mechanical case at a single time point, in HQTs the map 

tr: V{y)®V{y)x — > (D (2.3) 
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intertwines the properties of UV = V{V) and X-z). This is not surprising, since the classi- 
fication theorem is more to be regarded as an analogue of Gleason's theorem, which in a 
similar manner intertwines properties of C and S. 

The invariance requirement for the expression ii'H{piP2) has a direct physical meaning. 
In HQTs the formal analogue of a density operator p is an operator G X-p so that 
the first guess for symmetries might be to look for transformations which leave 'transition 
amplitudes between different invariant. But such a requirement would be hard to inter- 
pret since HQT deal with 'history propositions' as entities in their own right. The theory 
is completely specified by choosing a particular decoherence functional, which is kept fixed 
throughout. Since the notion of 'time' in a specific history quantum theory is determined 
by the choice of the structure of the space of history propositions — for example, the na- 
ture of 'time' as a parameter t G IR in quantum mechanics is mirrored in the definition 
of ViVn) = 'P{^7=i'Hti) — and decoherence functionals associate numbers with these pairs 
of history propositions as an entity, a change of the decoherence functional must not occur. 

How can we nonetheless use, at least at the mathematical level, the existing notion 
of a physical symmetry and later on Wigner's theorem, to define a corresponding notion 
for HQT that does not suffer from the difficulty mentioned above? The main idea is to 
characterize the notion of a physical symmetry in a form which exploits the pairing ( |1.18|) 
between density operators p G Ws and propositions a G V(H) given by Gleason's theorem. 



2.1 Alternative Specification of Physical Symmetries 

We start by neglecting entirely the considerations from which the expression 

tiniPi^)P\^)) (2.4) 

originally arose. Pure density operators belong trivially to the space of projection operators 
V{7i) and therefore, instead of thinking of the map (2J.) as a pairing between states one 
can think of it as a map 

tr : {n{n) c v{n)} xWsv — > k (2.5) 

P\ii) X tr7^(P|^)P|$)) 

that establishes a pairing between a subset of the space of propositions and the set of 
pure states. Therefore, we see immediately that Wigner's result can be read as follows: 
Wigner's theorem determines all bijections 

^ : n{n) X n{n) x Wsv (2.6) 

that leave invariant the pairing 

tiniPmPm) = tr„(P|i^i^i^). (2.7) 
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Now, when seen from this perspective it is natural to ask whether or not Wigner's theorem 
specifies completely all affine one-to-one maps 

V ■ ViU) xWs ^ ViH) X Ws (2.8) 

such that the pairing between propositions und density operators is left invariant for all 
a e V{n) and all p e Ws, i.e. 

tr^(ap) = tinia^'p^). (2.9) 

The map is required to be affine since the space Ws is a convex space. Convex combina- 
tions of elements of Ws are again density operators. 



Note that the question posed is not trivial: The space of projectors V(H) is a disjoint 
union of compact Grassmann manifolds and therefore allows for a much wider class of 
transformation than just unitary or anti-unitary operators U on Ti. The three conditions 
these maps have to satisfy are: 

* V : V{n) ViU) (2.10) 

* V:Ws^Ws (2.11) 

* tr„(ap) = tr^(a^p^) (2.12) 

If we consider transformations on PiTi), the interesting transformations are given by trans- 
forming projectors of different dimensions to each other. So consider, for example, the 
transformation: 

G: ViU) ViU) (2.13) 

a I— s> G[a\ 

whereby a particular one-dimensional projector P\q,-^ is mapped into an m-dimensional 
one, Gfi^^)], m > 1. Such a transformation might be bijective on P{TH) and even obey 
requirement ( p.l2| ). 



Now, regarding P|$) as a pure density operator, we see immediately that the trace of 
its image under G is tT'HiG[P\q>)\) = m. Therefore, such a map does not comply with the 
requirement (|2.11| ). Thus, only maps which map rays into rays are allowed and, therefore, 
all maps obeying the conditions (p.8|, |2.9|) are determined by Wigner's theorem. 



This reformulation of 'physical symmetries' in terms of the intersection of different sets 
of transformations fulfilling ( |2.1(j| ), ( |2.11| ) or ( |2.12| ) respectively possesses the advantage of 
never having to consider 'transition amplitudes between states at a fixed moment of time'. 
Physical symmetries just preserve the intertwining between (£, S) via Gleason's theorem 
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by transforming L and S by the same tranformation into itself. 



This fact justifies trying to define symmetries of a history quantum theory by exact 
analogues of the requirements (|2.10| - p.l2| ), i.e. by replacing 



W5; tr^M} ^ mV) ®P(V); A'^; tiy^c, ® PX^)} . (2.14) 

This notion of a 'symmetry of a history quantum theory' does not suffer from the inter- 
pretative difficulty mentioned above. 

Through this choice, we will build in an invariance requirement for the values d{a, (3) of 
the decoherence functional from the very start. Some physical arguments for such a choice 



can be found in |TT|, |T2|. I will discuss its relevance at various stages in this paper. 



2.2 Definition and Proposition 

Definition Aphysical symmetry of a history quantum theory (PSHQT) is any affine one- 
to-one map 

Q : v{v) ® v{v) xXv ^ viy) ® viy) x Xv (2.15) 

that preserves the value of the pairing between history propositions and operators associ- 
ated with decoherence functionals, i.e. 

trv^v(« ® PXd) = tivMla ® Pfx2). (2.16) 
We state once again the three requirements, such a map has to fulfill: 

* Q:V(y)(^V{V) ^V{V)^V{V) (2.17) 

* Q: Xt,^Xv (2.18) 



trv®v(« ® PXd) = trv®v([« ® P]''X2) (2.19) 



Each condition separately determines a set of transformations, but only the intersection 
of these sets may be called a PSHQT. The word physical is chosen since this definition 
parallels the one for physical symmetries given by Wigner. Again, the history propositions 
a G Viy) and the decoherence functionals, represented by Xd G Ax), are transformed to- 
gether by the same transformation. We call two history quantum theories that are related 
by a physical symmetry of a history quantum theory physically equivalent. Furthermore, 
as will be shown later, this definition encompasses the notion of 'physical equivalence', first 
introduced and justified through physical arguments by Gell-Mann and Hartle in It is 
easy to see that the following Lemma holds. 



10 



Lemma The relation among two history quantum theories {hqti, hqt2) of being physi- 
cally equivalent, denoted by hqti ~ hqt2, is an equivalence-relation. Thus it is (i) re- 
flexive: hqti ~ hqti, (ii) symmetric: hqti ~ hqt2 =^ hqt2 ~ hqti and (iii) transitive: 
{hqti ~ hqt2) and {hqt2 ~ hqt^) =^ {hqti ~ hqt^). 

There is an obvious class of transformations on V V that fulfills all three conditions 
( CT - m) stated above: 

Definition A homogeneous symmetry on V V is a unitary operator IJ ®U where IJ may 
be a unitary or anti-unitary operator on V. 

Lemma Every homogeneous symmetry induces a PSHQT, i.e. {HS} C {PSHQT}. 
Proof 

A homogeneous symmetry induces the maps 

a®P ^ U ®U[a® I3]U^ (»U^ (2.20) 

so that for all a (g) (3 e P{V) P{V) and all E Xv it holds that 

d{a, (3) = tTv^v[{UaU^ ® UPU^){U ® UXdU^ ® ij% (2.21) 

One can easily check that U ® UXdU'^ ® U'^ fulfills the defining properties for an operator 
Xd' G given by the classification theorem. □ 

Homogeneous symmetries possess a different characterisation, that can easily be derived 
from Wigner's theorem for quantum mechanics. Recall the definition of the map M used 
in the classification theorem for decoherence functionals, 

M: V®V ^ V®V (2.22) 

\u) ® \v) ^ \v) ® \u), 

for all \u), \v) eV ® V. As a result, its action on projection operators of the form a® (3 is 
given by 

M{a® (3)M = {(3®a), ® (3 e P{V) ® P{V). (2.23) 

In particular, this holds true for a;,/9 G P-iV), i.e. projection operators belonging to the 
space P{y) of rays of V. 

Let T = Ti®T2 denote a map 

r : 7^(v) ® 7^(v) ^ n{v)®p{v) (2.24) 

P\^)®P\^) ^ [Pi^}®Pi^}Y ■.= p^^)®Pii^, 
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where ti,T2 denote transformations on the space of pure density operators. A map r is 
said to commute with M, if (M o t)[P\^) ® P\^)] = (r o M)[P\q,^ (8) for all elements 
-P|*) P\^) e ^(V) 7^(V), written symbohcally as [r, M] = 0. 

Definition A homogeneous symmetry of a history quantum theory (HSHQT) is a one-to- 
one map T : TZ{V) <SiTZ{V) — > TZ{V) <SiTZ{V) that preserves the transition amplitude between 
two elements, i.e. 

and commutes with the map M, that is [r, M] = 0. 

Proposition Every homogeneous symmetry induces a HSHQT and, conversely, every one- 
to-one map T : TZ{V)®TZ{V) — > TZ{V)®TZ{V) that preserves orthogonality between the rays 
and commutes with M is a HSQHT and can be implemented by a unitary or anti-unitary 
operator U ®U on V (g) V. Symbohcally, 

{HSHQT} ^ {HS}. 

Proof 

The transition amplitude between two elements [P|^j) [P\^2)®P\^2)\ ^ 7^(V)07^(V) 
is given by 

trv®v([^|*i) ® -P|*i>][-P|*2> ® P\^2)\) = trv(-P|*i)^4'2>)trv(i^|*i)-P|#2>)- (2-25) 

Therefore, by Wigner's theorem, all transformations preserving orthogonality and the tran- 
sition amplitude can be implemented by operators U®V ^ where U and V are either unitary 
or anti-unitary operators on V. Requiring these transformations to commute with M con- 
cludes the proof. □ 

Remark. It is important to understand why only transformations of the form U ®U 
are admitted, and not, for example, operators of the form 

Y,CiUi®Ui, = c^elR. (2.26) 

i i 

The reason is, that, starting from d{a, {3) only those transformations T : a® (5 i— > T{a<S>P)T^ 
on V V are allowed for which 

f{a ® f3)f^ = a' ® /?'. (2.27) 
It is possible for these transformations only to write them as d{a,(3) >—>■ d\a\l3'). 

We have therefore estabhshed the following relation among the three sets of transfor- 
mations: 

{HSHQT} ^ {HS} C {PSHQT}. (2.28) 
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We argued that PSHQT determined by conditions ( |2.17| - p.l9| ) is an appropriate no- 
tion for symmetries of history quantum theories. What we want to show now is that all 
PSHQT are given by homogeneous symmetries of the form U ® U . In view of (|2.28| ) it 
remains to be shown that {HS} D {PSHQT}. 



2.3 The structure of V 

In order to show that all PSHQT can be characterized by means of rays in 7^(V) ® "^(V) 
we have to discuss in more detail the structure of the space of decoherence functionals. 
Comparison with the case in standard quantum mechanics shows that what we now have 
to look for is a notion of 'elementary decoherence functionals', out of which all other 
decoherence functionals can be build by a certain superposition. The requirement ( p. 191) 
for PSHQT, 

trv®v(a ® PXd) = trv®v([a ® P]^^^), 

can then be reduced to a requirement that has to hold only for all elementary decoherence 
functionals. We start our investigation with the following observation: 

Lemma For any finite set {d^^^i=i, d^^'' € V, it holds that d := Y^i^id^^^ G V,ri E M, 
provided that: 

ri e U Vz G {l,2,...,n}, (2.29) 
Y,rid^'\a,a) > 'iaeUV, 

i 

These conditions reflect the requirements for d of hermiticity, positivity and normaliza- 
tion. We call such superpositions of decoherence functionals a weak convex combination of 
decoherence functionals. All convex combinations are weak convex combinations but the 
converse is not true. For a convex combination it is required that > 0; the second condi- 



tion in (|2.29| ) does not imply > 0. It seems natural to look for so called 'pure decoherence 



functionals' which can not be written as weak convex combination of other decoherence 



functionals. An argument first given by N. Linden |113[ shows that any decoherence func- 
tional can be written as the sum of two other decoherence functionals. Thus there can be 
no pure decoherence functionals. Nonetheless, in this context we are only interested in a 
convenient expansion of an arbitrary decoherence functional by what I will call elementary 
decoherence functionals. This will suffice to prove an analogue of Wigner's theorem in the 
next section. I will show explicitly how these elementary decoherence functionals reflect 
Linden's argument. The same notions apply mutatis mutandis for the associated operators 
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By the classification theorem |^ we know that for every decoherence functional d G its 
associated operator can be written as a sum of two self-adjoint operators = Xi +1X2 
subject to the conditions 

Xi = MXiM; X2 = -MX2M; trv^v(a ® a^i) > 0; trv^v(^i) = 1- (2.30) 

We seek an expansion for the real part Xi and the imaginary part X2 of Xd as a weak 
convex combination of decoherence functionals d'^ that can not be written as a weak convex 
combination. 



Proposition For each X = Xi + 1X2 G Xj) there exist two ONB {|ej)}, on V such 

that X can be written as: 

X = 5:A.,xP + z5:«:,^4'"I (2.31) 

i,j l,m 

where 1 

^f'^ = l^{P\e.) ® P\e,) + P\e,) ® P|e.>); (2.32) 

and 

4"' = 2 (^M ® P\b^) - P\b,.) ® Pm); (2.33) 

f^lm — f^mh ^Im ^ IR- 

Remark The positivity requirement trv(g)v(« ® <yXi) > gives rise to the condition 
o,iiXijajj > for an arbitrary projector a = o,ij\ei){ej\ on V when expanded in the 
basis {\ei){ej\}. 

Proof 

The proof is a constructive one; it follows the proof of the classification theorem in . 

For each a G ViV) define a function da{(3) '■ ViV) — C where da{l3) := d{a,l3). Let 
^da and ^Jtia denote the real and imaginary parts of da, so that 

d^ilS) = + i'^daiP) (2-34) 

with ^da{(3) G IR and "^daiP) G IR. We will develop the argument only for the real 
part ^da{f3). The biadditivity condition on the d E V requires that ^d^iPi © ^2) = 
^daiPi) + ^da{(32) for any orthogonal pair of projectors /3i,f32- Since d is assumed to be 
bounded, the same holds true for its real part ^da- For any r G IR, the quantity 

KriP) := r dim(/3) = r ti{(3) (2.35) 

is a real additive function of /3, and hence so are ^da + Hr for any r G IR. 
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In p] it was shown that there exists for each a G 'P(V) two real numbers r^, £ IR 
such that there exists a density operator on V for which it holds that 



1 



= tivii—fya - ra)l3) = trv(O) (2.36) 

where '^P^ ~ '^a- Since is a density operator, there exists an orthonormal basis 

{|ei)}f™^ and positive numbers G IR such that = X^i W^aP\ei) and therefore 

^i^ = E(— -O^e.). (2.37) 
i ra 

The additivity condition d{ai © 02, /9) = d(ai, /?) + d{a2, (3) implies that 

trv(i;^e«/) = ^^v{YlP) + trv(yi;/?) (2.38) 

which, since it is true for all (3 G ViV) (and hence for all operators on V), implies that the 
operator- valued map a ^ is itself additive in the sense that 

= + (2.39) 

for all disjoint pairs of projectors ai, 02 on the Hilbert space V. 

Let {Iq)}^™^ be a orthonormal basis of V; let {(cj|}fi™^ denote its dual basis. Let 
{Bij := \ci){cj\; i,j = 1,2, . . . , N} be a vector-space basis for the operators on V, so 



that the operators Y^ can be expanded as 1^ = Y^^ j^iyfj{a)Bij. Then relation ( p.39|) 



shows that the complex expansion coefficients yfj{a), i, j = 1,2, . . . , dim V must satisfy the 
additivity condition: 

?/5(«i©«2)=?/J(«i) + ?/J(«2). (2.40) 

Since 1^ is a bounded operator, its expansion coeffient functions a 1— *• yfj{a)\/a G P(V) 
are bounded as well. It was shown that there exists an operators Afj on V such that: 



and therefore: 



yi,{a) = tiviaAf^), (2.41) 

N 

Ya=J2 trv(aA|)5,,. (2.42) 



In particular, 

m{a, /?) = trv I 5: (trv(aAj^))5,,/3 \ = J] trv(aA|) trv(%/?). (2.43) 



We define an operator on V ® V by 

X^:=5]A|®% (2.44) 

ij 
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for which it holds that ^d{a,l3) = trv(g)v(tt ® PX^). 



From now on we choose the particular set of {|ej)} of eigenvectors of the operator 



as an orthonormal basis for V, i.e. Bij = \ei){ej\. As an operator on V, possesses an 



expansion 

^'^ = E>^kiBki, (2.45) 



k,l 



SO that 

A«= ^ X%Bki^B,,. (2.46) 



i,j,k,l 



However, from equation ( |2.37| ) we see that, by using the basis {|ei)}, this sum reduces to 

X'' = Y,X%Bm(^B,,, (2.47) 

i,k,l 

since only the Ba = P|e.) appear in the expansion of Y^. 

Remember now, that X^ stands for the real part Xi of X^, the operator associated 
with a decoherence functional d eT). As such it has to fulfill that 

= MX^M, (2.48) 

where M was defined through the action M{A ^ B)M = {B ^ A) for arbitrary operator 
A, B on V. This requirement is strong enough to reduce ( |2.47| ) to 

X'' = Y.XtkBkk(^B,,. (2.49) 

i,k 

Since Ba = |ej)(ej| = P\ei), we see that the real part X^ = Xi of the operator 
associated with a decoherence functional d eV can be written as 



= = ^ A,,P|e,) ® Pie,), (2.50) 



where Xij := A*^ It is easy to see that these coefficient must obey 



^ij ~ ^jiy ^ -^ij ~ ''^^ii^ij^jj — 0) (2.51) 

which follow from the requirements of hermiticity, normalization and positivity. The 
an G IR are expansion coefficient 
expanded in the basis {|ej)(ej|}. 



an G IR are expansion coefficients of an arbitrary projector a = on V when 



Note that the operators P\ei) ®P\e-) are not themselves operators associated with deco- 
herence functionals. They do not obey the X"^ = MXM requirement. By defining 

■■= liP\e.) ® P\e,) + P\e,) ® P\e.)) , (2.52) 
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we see that ^ is an operator, that can be associated with a decoherence functional. 
This concludes the proof of the proposition for the real part. 



By the same procedure we obtain the expansion (p.33|) for the imaginary part X2 of 
Xd in terms of projectors P|ft.) for a different orthonormal basis This concludes the 

proof. □ 



Note that the imaginary part X2 in itself is not an operator that can be associated with 
a d Thus, we have shown the following Corollary. 

Corollary There exists a one-to-one correspondence between elementary decoherence 
functionals df^ and operators X^^ G X-jj which are given by the following expression: 

^ ^C^.) + , e IR, (2.53) 

where the operators Xi^\X2™'^ are defined as above. Note that there is no sum over re- 
peated indices. 



We have thus shown that every decoherence functional can be written as a weak convex 
combination of elementary decoherence functionals. I now want to show why these X^e 
must not be called 'pure decoherence functionals'. 

We show that every elementary decoherence functional can be written as the sum of 
two decoherence functionals as follows. Due to the fact that the imaginary part X'2 of an 
operator X' G A© associated with arbitrary decoherence functional d' ^T> can be added to 
the operator Xf^e associated with an elementary decoherence functional d'^ G X-^ to produce 
a new decoherence functional, one can calculate that 

Xd. = + tX',) + - tX',). (2.54) 

Both terms [Xd^ + iX!^) and (X^e — 1X2) in this expression are proper decoherence func- 
tionals, even though 1X2 in itself is not a decoherence functional. Thus, elementary deco- 
herence functionals are not pure, but they still account for the simplest expansion of an 
arbitrary decoherence functional and this is all that is needed for the proof of the analogue 
of Wigner's theorem. 



We have now all the tools at hand to prove the following theorem. 



3 An Analogue of Wigner's Theorem 

Recall that, up to this point, we know about the following relation between the sets of 
'homogeneous symmetries of a history quantum theory', 'homogeneous symmetries' and 
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'physical symmetries of a history quantum theory': 

{HSHQT} = {HS} C {PSHQT}. (3.1) 
We are now going to show that the sets {HS} and {PSHQT} are identicaL 

3.1 The Theorem 

Theorem There exist a one-to-one correspondence between homogeneous symmetries and 
physical symmetries of history quantum theories. Thus each PSHQT is given by an oper- 
ator U ®U and induces a HSHQT; conversely, every one-to-one map r : TZiV) ® TOV) —>■ 
7^(V) ® ^^(V) that preserves orthogonality between the rays and commutes with M can be 
implemented by a unitary operator U ®t/ on V®V, where U may be unitary or anti-unitary. 

Proof 

We will first look for one-to-one maps which leave invariant the pairing between history 
propositions and decoherence functionals and map the set of rays into itself, and then re- 
strict those transformations to homogeneous symmetries via the condition that they must 
map Xj) into itself. 

We first consider the invariance requirement for the values of d{a, {3). This has to hold 
true for all decoherence functionals. In particular, for the functionals X^^'^ the relevant 
number is: 

2trv«v(« ® = trv(ai^,,)) tiv{PP\e,)) + ^Mc^P\e,)) tTvWP\e,)), (3.2) 

for some ONE {le^)} of V. 

Recall that the requirement of the invariance of the imaginary part of a decoherence 
functional leads us to consider 

2trv®v(« ® f3X^2'^) = trv(aP|fe,)) tTv{(3P\b,)) - trv(a/i6,)) trv(/?P|b,>), (3.3) 
for some ONE {%)} of V. 

Therefore, considering those decoherence functionals for which = |ej) for all 
z G {1, 2, . . . , dimV}, and \ij = Kij for all i,j G {1,2,..., dimV} we see that the invariance 
requirement amounts to requiring that 

trv(ai^e,>)trv(/3P|e,>) (3.4) 

should remain invariant under the appropriate transformations. At first we take the case 
when a^P E TZ{V)^TZ{V). Ey Wigner's theorem the transformations leaving ( |3.4D invari- 
ant are given by operators If whereby U and V are unitary or anti-unitary operators 
on V. Even though these transformations leave the value of d{a, jS) invariant, they do not 
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comply with the condition of mapping the set A© into itself. 

To see this, recall that an element Xd € X-d is required to satisfy the condition X\ = 
MXdM, which is equivalent to x['^^ = MX['^^M and X^'^' = -MX|^''m. Consider the 
following particular decoherence functional *■* under such a mapping: 

Xr, 3 P\e^) <S> Pie.) ^ Pi) ® pU (3.5) 

Since 

M[i^2)®<]M^i^e.)®^|r.), (3.6) 

we see that its image under the map U ® V does not belong to Xx>. To comply with this 
requirement we need to require that [U ® V, M] = 0, i.e. consider only those operators of 
the form tj ®IJ . 



What is now left to show is that there can be no other transformations obeying condi- 
tions (pT7| - gl9D , even if we allow for arbitrary tranformations G = {Go, Go) 



G : v{y)®v{y) 

a® (3 



V{V)®V{V) 



(3.7) 



The argument is much the same as in the standard quantum mechanical case: consider 
a transformation G = {Go, Go) that maps a one-dimensional projector a G V{V) into 



a 



Go 



G 'P(V), an m-dimensional one, m > 1. Therefore, 



a (x> a ^— > a 



Go 



a 



Go 



It is easy to see that there exist a d E T) such that Xd = a ® a, see also [|1J]. But since 
trv®v(Q^'~^°®«*^'') = there exists no decoherence functional d'^° G V for which a'-^°<S)a^° 
is the associated operator X^gq . This concludes the proof. □ 



3.2 Discussion 

The result of the theorem shows that every PSHQT can be induced by an unitary or 
anti-unitary operator ?7 on V as follows: 

UV : a^a:= Uall^ (3.8) 

V : Xd^ X^:= Xd = U ® UXdU^ ® 

As a consequence of this transformation the invariance 

d{a,f]) = d{a,P) (3.9) 

for all G P and all a, G P{V) follows by the property of the trace. 
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By looking at the definition for a PSHQT from which this theorem arose, it seems rather 
unnecessary to proceed via the use of elementary decoherence functionals. We could have 
started immediately by looking for all transformations obeying condition ( 2.17|) ; then re- 



strict to those which map Xd into itself. But since it was not known to which extent Xd 
can accomodate more general transformations G on ViV) it seems a sensible way to follow 
this hybrid path. In particular, we circumvented the problem of specifying all transforma- 
tions that map X^ into itself. 

A central requirement in the proof of the theorem was the invariance of the value 
d{a,l3) G C for all pairs q;,/3 G ViV). A closer inspection reveals that the existence of 
com^/ex-valued functionals makes it possible to reduce the invariance requirement to the 
form ( |3.4| ). However, it is neither necessary to consider com]5/ex-valued functionals nor to 
require invariance for all pairs We can investigate the possibility of softening the 

invariance requirement to hold only for the 'diagonal' values of d & V, i.e. d{a,a). Then 
we are led to the condition that 

trv®v(tt ® ttXf^'^) = trv(aP|e,>) trv(ai^e,>) (3.10) 

has to remain invariant. In this case we see that we will end up with the same transforma- 
tions U ®IJ on V ® V as requiring d{a^ (3) to remain invariant for all pairs (a, (3). This is 
due to the fact that restricting to projectors of the form a® a can be formulated with the 
aid of the same operator M which is used to formulate the defining property X'^ = MXM 
for decoherence functionals. Therefore, the requirement on the diagonal part only is strong 
enough to enforce it onto the value of d on any pair (a, (3). 

The particular feature of physical symmetries of history quantum theories is their prop- 
erty of being implemented by a unitary or anti-unitary operator U on V. As a consequence, 
each partition of the unit operator in V into mutually orthogonal projectors, that is a set 
of projectors {ai}, such that 

{a^yTT"^"; ®T=ia, = l (3.11) 

is mapped into another partition of unity. In particular, the cardinality of this set is 
preserved. Now, much emphasis in the decoherent histories approach is placed on finding 
consistent sets of history propositions with respect to a particular decoherence functional 
d &T>. In the formalism used here, consistent sets are naturally associated with particular 
partitions of unity [|1^ , namely those, for which it holds that 

d{ai,aj) = 5ijd{ai,ai) Vz, j G {1, 2, . . . , m}. (3.12) 

We see therefore that a PSHQT will always map consistent sets into new consistent 
sets of the same cardinality. There has been some discussion Jll], |12[ whether or not one 



should allow for transformations between consistent sets of different cardinality. We see 
that, at least in this context, this possibility is excluded if one agrees on the definition of 
PSHQT presented in this article. 
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3.3 Physical symmetries of history quantum mechanics 

The main aim of this section is to show that the notion of 'physical equivalence', introduced 
in , is — when expressed in this formalism — a particular example of a physical sjTumetry 
of history quantum mechanics. It also serves the purpose of providing the explicit form of 
the decoherence functional for this theory. 



Remember that, for standard quantum mechanics when looked at from the perspective 
of the history programme, the space of history propositions a G UV is given by projectors 
a G 'P(Vn) = 'P(®"=i?itJ. The particular decoherence functional is associated with an 
operator 

^(--0'-/) = tr^(p,„p,,(t,))^(--o-/) 

on Vn ® V„ , where I also have inserted a final density operator at time t / . When evaluated 
on homogeneous projectors ah = (y-t^ ® O-t^ ® ■ ■ ■ ® c^u the value of d(^H,ptQ,ptj.){cih, (3h) is 
given by 

d(H,pto,Pt,.){ah,Ph) = . try^viah® PhX(H,pto,Ptf)) (3-14) 



trw(AoPi/(i/)) 

which coincides with the form of the decoherence functional usually employed in the histo- 
ries approach. But note — once again — that d(^H,pt(,,ptj,){oiy P) is defined for all a,(3 E ViV). 

By following the procedure outlined in [^, one shows that the operator X(^H,ptg,ptf) is given 
by: 

XiH,p,„p,^) = [U{h,to)^ptoU{h,to) ® U{t2,hy ® ■ ■ • ® /7(t„,t„_i)t] 

® [U{t2,ti) ®U{t3,t2) ® • • ■ ® U{tn,tn-l) ® U {t f , Q Pt^V {t f , Q^] 

X (3.15) 

X (i?(„)®lt^(g)lj2®---®ltj. 

The last three lines involve universal operators , S'(2n) that arise by rewriting products 
of operators in terms of tensor-products 0. Thus they are system independent. This 
operator is defined on V„ ® Vn and encodes the initial and final density operators as well 
as the dynamical evolution in form of the evolution operator U{ti, This is the purest 
description of the content of the decoherence functional one can write down. It has a very 
transparent form. 

Recall that "two triples {{Ca}, H, p) and ({Ca}, H, p) are called 'physically equiva- 
lent' if there are fields and conjugate momenta (<l>(x), 7r(x)) and ($(2;), 7r(a;)), respectively. 
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in which the triples' histories, Hamiltonian, and initial condition take the same form." As 
an example, the explicit transformation (a^. (tj) VatXti)y\ H i— > VHV'^^p i— > V pV'^) 
for a fixed unitary operator V on H. was shown to lead to physically equivalent triples. 
Remark, in order not to use the same symbol twice, I used the notation V instead of U 
as in [^] for the unitary operator; in the context of history quantum mechanics U{ti,ti-i) 
already denotes the evolution operator. 

First, notice that a transformation of the Heisenberg projection operators 

atAU)^VatMV\ V2 G {l,2,...,n} (3.16) 

is identical to the transformation 

atXU) ^ VU{U,to)V^[Vaty^]VU{U,to)V\ G {l,2,...,n} (3.17) 

that is a pair of transformations 

au^VauV^ Vz G {1, 2, . . . , n}; H^VHV\ (3.18) 

where the at. denote the Schrodinger projection operators. This is important since in the 
formalism used here only a string ah = at-^ ® at^ ^ ■ ■ ■ ® at„ of Schrodinger projection 
operators correspond to a homogeneous history proposition ah G UV = P(V„). Now, 
defining the unitary operator Lfy := V ^ ■ ■ ■ , n times, remembering that p ^ V pV'^ 
and that the decoherence functional is given by equation (|3.15|) , we see that the effect of 
this transformations o\i X(^H,pt^,pt^) is given by X(//^p^^ _pj^ ) t— > {Uv®Uv)X{^H,ptQ,ptj) 
Thus, this transformation between physically equivalent triples can be described as follows: 

• The transformation of the history propositions ah G ViVn) as well as the operator 
Xi^H,ptQ,ptj) by a unitary f/y G i?(V„) clearly leaves invariant the values of d{ah, (3h) 
since 

d{ah, Ph) = tivMiUvahUl ® UvPhUl){Uv ® UvX(^H,p,^^p,^.)Ul ® Ul)] (3.19) 

which is the definition of physical symmetry of a history quantum theory for which 
UV = -P(V„). Note that, in general, not all unitary operators If on Vn need to be of 
the form Uy for a unitary operator V on the single-time Hilbert space Ti. 

4 Summary and Outlook 

In this article we proposed a notion of a 'homogeneous symmetry' (HS) and of a 'physical 
symmetry of a history quantum theory' (PSHQT). We proved an analogue of Wigner's 
theorem which states that there exists a one-to-one correspondence between both HS and 
PSHQT. It has been shown that each PSHQT can be induced by a unitary or anti-unitary 
operator U on V. History quantum theories that are related by a PSHQT are called 'phys- 
ically equivalent' and we showed explicitly in the case of history quantum mechanics how 
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this notion encompasses the notion of physical equivalence introduced by Gell-Mann and 
Hartle in in case one is dealing with a finte-dimensional, single-time Hilbert space Tit 
at a finte number of time-points {ti,t2, ■ ■ . ,tn)- An extension to infinite-dimensional Tit 
as well as to a continuous range of time-points is clearly desirable since such spaces occur 
naturally in the context of continuous histories |]15|, |I6[. 



In this article we also investigated the structure of the space of decoherence functional; 
in particular, we defined the notion of an 'elementary decoherence functional' in terms of 
which every decoherence functional can be expanded. We showed that these decoherence 
functionals are not pure, an observation that aggrees with a result by Linden [|1^ that there 
exist no pure decoherence functionals. These elementary decoherence functionals were em- 
ployed in order to perform some proofs but have never been assigned any other status 
than a technical one. In particular, we never calculated 'transition amplitudes between 
decoherence functionals', something that entirely contradicts the spirit of history quantum 
theories. Do these elementary decoherence functionals possess any physical interpretation? 



While the definition of symmetry presented here has very convenient properties, it does 
not treat consistent sets of history propositions in any way preferred to other elements 
a G V{V). But since these are the sets one ultimately wants to determine, it is reasonable 
to ask for a notion of symmetry which mirrors their importance. Reflecting a moment 
about the structure of consistent sets, one notices that this amounts to ask for an ap- 
proach which places its emphasis on boolean subalgebras of the space ViV). Via the use 
of the consistency conditions on the values of the decoherence functional some of these 
boolean algebras — namely the ones associated with consistent sets — are selected. Within 
each of these algebras classical reasoning without running into logical paradoxes is possible, 
whereas reasoning about elements belonging to different consistent sets leads, in general, 
to inconsistencies in the use of the values d{a, a) of the decoherece functional as proba- 
bilities. The theory of 'boolean manifolds' |T^, which seem to be the most appropriate 



objects to describe history quantum theories [|18], [3], allows to describes the structure of 
V{V) in these terms and therefore, one is led to the problem of defining a transformation 
theory on boolean manifolds. This is a task for future research. 



By proving a classification theorem for decoherence functionals — an analogue of Glea- 
son's theorem in the context of history quantum theories — and the analogue of Wigner's 
theorem presented here, we have laid the mathematical foundations for an approach to 
quantum theory from the point of view of the history programme. 

In history quantum theories the decoherence functional can be thought of as providing 
the 'dynamical' content of the theory. In standard quantum mechanics when investigated 
from the point of view of the history programme this is manifest in that the space of 
history propositions UV is given by Schrodinger picture projection operators and thus 
represents the 'kinematical' — as opposed to 'dynamical' — ingredient of the theory. In con- 
trast, the decoherence functional ( |3.15| ) contains the evolution operator and the initial 
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and final density operators and thus provides the 'dynamical' specification of the model 
under investigation. In a companion paper we will use the analogue of Wigner's The- 
orem presented in this article to define and to investigate the properties of 'symmetries of 
decoherence functionals'. 
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